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Analytical approach for the approximate solution of the longitudinal structure
function with respect to the GLR-MQ equation at Small x
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We show that the nonlinear corrections to the longitudinal structure function can be tamed
the singularity behavior at low x values, with respect to GLR-MQ equations. This approach can
determined the shadowing longitudinal structure function based on the shadowing corrections to
the gluon and singlet quark structure functions. Comparing our results with HERA data show that
at very low x this behavior completely tamed by these corrections.
The measurement of the longitudinal structure func-
tion FL(x,Q
2) is of great theoretical importance, since
it may allow us to distinguish between different models
describing the QCD evolution at low-x. In deep- inelas-
tic scattering (DIS), the structure function measurements
remain incomplete until the longitudinal structure func-
tion FL is actually measured [1]. The longitudinal struc-
ture function in deep inelastic scattering is one of the
observable from which the gluon distribution can be un-
folded. At small x values, the dominant contribution to
FL(x,Q
2) comes from the gluon operators. Hence a mea-
surement of FL(x,Q
2) can be used to extract the gluon
structure function and therefore the measurement of FL
provides a sensitive test of perturbative QCD [2].
In the region of moderate x (x≥10−2) the well estab-
lished methods of operator expansion and renormaliza-
tion group equations have been applied successfully. The
DGLAP equations [3], which are based upon the sum of
QCD ladder diagrams, are the evolution equations in this
kinematical region. As observed, the longitudinal struc-
ture function can be related to the gluon and sea- quark
distribution. HERA shows [4-9] that the gluon distribu-
tion function has a steep behavior in this region. At small
x, the problem is more complicated since recombination
processes between gluons in a dense system have to be
taken into account. As, the density of gluons and quarks
becomes very high and a new dynamical effect is expected
to stop further growth of the structure functions and so
it has to be tamed by screening effects. These screening
effects are provided by multiple gluon interaction which
lead to nonlinear terms in the DGLAP equation. These
nonlinear terms reduce the growth of the gluon distri-
bution in this kinematic region where αs is still small
but the density of partons becomes very large. Gribov,
Levin, Ryskin, Mueller and Qiu (GLR-MQ)[10,11] per-
formed a detailed study of this region. They argued that
the physical processes of interaction and recombination
of partons become important in the parton cascade at a
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large value of the parton density, and that these shad-
owing corrections could be expressed in a new evolution
equation (the GLR-MQ equation). The main character-
istic of this equation is that it predicts a saturation of the
gluon distribution at very small x [12,13]. This equation
was based on two processes in a parton cascade:
i)The emission induced by the QCD vertex G→G + G
with the probability which is proportional to αsρ where
ρ(= xg(x,Q
2)
piR2
) is the density of gluon in the transverse
plane, piR2 is the target area, and R is the size of the
target which the gluons populate;
ii)The annihilation of a gluon by the same vertex G +
G→G with the probability which is proportional to
α2sR
2ρ2, where αs is probability of the processes.
The main characteristic of this work is that it predicts
a saturation of the longitudinal structure function with
respect to the gluon and quark saturation distribution at
very small x. The starting point this work is the proof
of the shadowing corrections (SCs) to the parton behav-
ior in QCD. The SCs for the F2(x,Q
2) proton structure
function and xg(x,Q2) gluon distribution were computed
considering in Ref.[14]. Here we calculate this observable
using the Altarelli- Marinelli equation [15]. In perturba-
tive QCD, the longitudinal structure function FL(x,Q
2)
is proportional to αs. It is given to leading order , by an
integral over the quark and gluon distributions:
F shL (x,Q
2) =
αs(Q
2)
pi
(
4
3
∫ 1
x
dy
y
(
x
y
)2F sh2 (y,Q
2) (1)
+2
∑
q
e2q
∫ 1
x
dy
y
(
x
y
)2(1−
x
y
)Gsh(y,Q2))
and eq are the quark charges.
As x→0 the value of the gluon density becomes so large
that the annihilation of gluons becomes important. So,
this singular behavior is tamed by the shadowing effects.
As, we assume this behavior according to the Regge- like
behavior:
f shi (x,Q
2) = Aix
−λsh , (i = g, q). (2)
We note that at x < x0 = 10
−2, shadowing and unshad-
owing parton distribution behavior are equal. This pic-
2ture allows us to write GLR-MQ equations for the gluon
and quark structure function behavior at small x, as:
dGsh(x,Q2)
dlnQ2
=
αs
2pi
∫ 1−χ
0
dzG(
x
1− z
,Q2)Pgg(
1
1− z
)
−
81α2s
16R2Q2
∫ 1−χ
0
dz
1− z
[G(
x
1 − z
,Q2)]2, (3)
and
∂F sh2 (x,Q
2)
∂lnQ2
=
∂F2(x,Q
2)
∂lnQ2
|DGLAP (4)
−
5
18
27α2s
160R2Q2
[xg(x,Q2)]2.
Here Pgg is the gluon- gluon splitting function and χ =
x
x0
. Where x0 is the boundary condition that the gluon
distribution joints smoothly onto the unshadowed region.
We neglect the quark gluon emission diagrams due to
their little importance in the gluon rich low x region and
also the nonsinglet contribution is negligible and can be
ignored. To find an analytical solution in leading order,
we note that the shadowing gluon and quark distribution
functions have the Regee- like behavior corresponding to
Eq.2. Inserting Eq.2 in Eqs.3 and 4, we can obtain the
Q2 shadowing logarithms slope of the gluon and quark
distribution functions at low x, as:
∂Gsh(x,Q2)
∂lnQ2
=
3αs
pi
Gs
1− χλ
sh
λsh
−
81α2s
16R2Q2
(Gs)2
×
1− χ2λ
sh
2λsh
, (5)
and
∂F sh2 (x,Q
2)
∂lnQ2
=
5αs
9pi
T (λg)G
s −
5
18
27α2s
160R2Q2
[Gs]2, (6)
where T (λg) =
∫ 1
χ
zλ
s
g [z2 + (1 − z)2].
Next, we combine terms and define
∂F shL (x,Q
2)
∂t
by:
∂F shL (x, t)
∂t
=
dαs
dt
1
pi
(
4
3
∫ 1
x
dy
y
(
x
y
)2F sh2 (y, t) (7)
+2
∑
q
e2q
∫ 1
χ
dy
y
(
x
y
)2(1−
x
y
)Gsh(y, t))
+
αs(t)
pi
(
4
3
∫ 1
χ
dy
y
(
x
y
)2
∂F sh2 (y, t)
∂t
+2
∑
q
e2q
∫ 1
χ
dy
y
(
x
y
)2(1−
x
y
)
∂Gsh(y, t)
∂t
),
where αLOs (Q
2) = 4pi
β0 ln(
Q2
Λ2
)
, β0 =
1
3 (33 − 2Nf ) and Nf
being the number of active quark flavors (Nf = 4), also
t=ln(Q
2
Λ2 ) (that Λ is the QCD cut- off parameter).
To obtain a differential equation for F shL (x, t), we writing
out the sum and the splitting function explicitly, we find
an inhomogeneous first- order differential equation which
determine F shL (x, t) in terms of G
sh(x, t). Eq.(7) can be
put in the following form, as:
∂F shL (x, t)
∂t
=
dLnαs
dt
F shL (x, t) + F
sh
0L(x, t), (8)
where, to simplify the notation in Eq.7, we define
F sh0L(x, t) by:
F sh0L(x, t) =
αs(t)
pi
4
3
∫ 1
χ
dy
y
(
x
y
)2
∂F sh2 (y,Q
2)
∂lnQ2
[Eq.6] (9)
+
αs(t)
pi
20
9
∫ 1
χ
dy
y
(
x
y
)2(1−
x
y
)
∂Gsh(y,Q2)
∂lnQ2
[Eq.5].
Eq.8 has the advantage that it determines the shadow-
ing longitudinal structure function completely in terms
of hot- spot point. In [14] this procedure was applied to
obtain the shadowing corrections (SCs) to the nucleon
gluon distribution and the singlet structure function.
We have found that we can parametrize the shadowing
longitudinal structure function calculated using the shad-
owing gluon distribution function and shadowing singlet
quark structure function determined as a linear equation
into the running coupling constant whose tamed as x→0.
Indeed Eq.(8) is of the form:
∂F shL (x, t)
∂t
+ η(t)F shL (x, t) = F
sh
0L(x, t), (10)
where η(t) = − dLnαs(t)
dt
, then we have a linear equa-
tion of the integrating factor type. The factor R(t) =
exp[
∫
η(t)dt] can be calculated and it is easily shown that:
∂(F shL (x, t)R(t))
∂t
= F sh0L(x, t)R(t). (11)
So that it is straightforward to integrate both sides with
respect to t, we find that:
F shL (x, t) = αs(t)
∫
F sh0L(x, t)/αs(t)dt. (12)
This equation shows the dependence of the shadowing
longitudinal structure function on the strong constant
coupling and the shadowing gluon distribution function.
Therefore, this equation is an attempt to include the
full expression of the SCs. At small x the nonlinear
term with the shadowing gluon distribution function is
the dominant one. Consequently, the expression (12)
can be tamed reasonably by the shadowing corrections.
This equation demonstrates the close relation between
the shadowing longitudinal structure function and the
shadowing gluon distribution function at hot spot point.
Therefore, we expect the shadowing longitudinal struc-
ture function to be sensitive to the shadowing corrections
in the HERA kinematic region. We emphasize at this
3point that the shadowing gluon distribution function
Gsh(x, t) is completely determined based on λshg and
its derivative with respect to t through the expressions
in Eq.10 at Ref.14. The results are shown in Fig.1 for
Q2 = 20 GeV 2 at hot-spot point R = 2 GeV −1. The
simple conclusions, which could be obtained from the
present plot, is the following. Our results at hot- spot for
Q2 = 20 GeV 2 give values comparable of the shadowing
longitudinal structure function that are comparing with
experimental data and QCD analysis fits. This grow
with the rapidity 1/x. Our data show that shadowing
longitudinal structure function increase as x decreases,
that its corresponding with PQCD fit at low x, but
this behavior tamed with respect to nonlinear terms at
GLR-MQ equation.
Our conclusion is that the longitudinal structure func-
tion FL is a good observable to isolate the shadowing
corrections at HERA, since new effects must occur in
low x kinematical region. In this letter we estimate
the shadowing corrections to the longitudinal structure
function into shadowing correction to the gluon and
singlet distribution functions with respect to GLR-MQ
equations. As the behavior of this observable is directly
dependence on the behavior of the gluon and singlet
distribution functions and, therefore, strongly sensitive
to the shadowing corrections. We show that the obtained
results for the shadowing longitudinal structure function
at small-x strongly modified by shadowing corrections
as this growth tamed by the shadowing effects.
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Figure captions
Fig 1:The values of the shadowing longitudinal struc-
ture function at Q2 = 20 GeV 2 with R = 2 GeV −1
(square) that accompanied with model error by solving
the GLR-MQ evolution equation that compared with H1
Collab. data (up and down triangle). The error on the
H1 data is the total uncertainty of the determination of
FL representing the statistical, the systematic and the
model errors added in quadrature. Circle data are the
MVV prediction [16-18 ]. The solid line is the NLO QCD
fit to the H1 data for y < 0.35 and Q2≥3.5 GeV 2. The
dot line is the DL fit [21] and the dash line is a QCD
fit with respect to LO gluon distribution function from
Berger [19-20] fit.
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